Valleys that form around a stream head often develop characteristic finger-like elevation contours. We study the processes involved in the formation of these valleys and introduce a theoretical model that indicates how shape may inform the underlying processes. We consider valley growth as the advance of a moving boundary travelling forward purely through linearly diffusive erosion, and we obtain a solution for the valley shape in three dimensions. Our solution compares well to the shape of slowly growing groundwater-fed valleys found in Bristol, Florida. Our results identify a new feature in the formation of groundwater-fed valleys: a spatially variable diffusivity that can be modelled by a fixedheight moving boundary.
Introduction
Flowing water carves beautiful, diverse features into landscapes [1] . The mechanism by which it does so is fundamentally simple: water accumulates and flows downstream, forming rivers with the capacity to transport soil and rocks and erode these landscapes [2] . Depending on the properties of the surface being eroded, different physical processes influence this erosion and consequently leave behind diverse topographic signatures. In particular, when the eroded sediment originates from the topography in the vicinity of the river, its transport downstream facilitates the formation of valleys by imposing a boundary condition to which the topography is subject. For landscapes whose surfaces are sufficiently shallow and composed of homogeneous soil rather than rock, the evolution of the surface is approximately linearly diffusive [3] [4] [5] . When this sediment is transported downstream at a rate that exceeds the rate at which it is supplied, these rivers can be considered as fixedheight absorbing boundaries of diffusive topography [6] . The quasi-static topographic response to this forcing is what we call a valley, and we seek to understand the form of these valleys in what follows.
Two models describing the formation of soil-mantled valleys can be found in recent works, and both compare valley formation to other well-studied diffusive systems. Pelletier & Perron [7] find that the parabolic isotherms predicted for a solidifying front in a temperature field [8] agree well with the topographic contours of storm-eroded valleys in Southern Arizona, where water flows over the surface of the topography. Petroff et al. [9] find that isolated contours of groundwater-fed valleys in Bristol, Florida are similar to the steady-state shape of the interface formed when a less viscous fluid is injected between glass plates containing a more viscous fluid [10] . Both results suggest that these valleys are similar to an interface moving through a diffusive field, but because their boundary conditions differ, so too do the resulting shapes of the valley they predict.
To explore this issue, we construct a theory for valleys that diffuse around nearly stationary streams. We hypothesize that, when the streams are fed by groundwater, such valleys exhibit a height-dependent diffusivity. In an asymptotic limit, this variable diffusivity can be approximated as a fixed-height moving boundary at the rim of the valley, or valley edge. We introduce a free-boundary model that incorporates this element: linear diffusion of topography within an expanding valley edge of specified height. This model predicts a valley shape, which we compare both to real valleys and shapes predicted by the previously mentioned models of valley formation. This appears to be the first time that a real two-dimensional elevation field (that is, a contour map) is compared to a predicted valley shape. Our results demonstrate how physical features can be incorporated into models of valley growth as boundary conditions. By exploring this connection, we shed light on how shape can reveal the mechanisms involved in the history of valley growth.
The physical picture
We consider a model in which valleys form as surface topography diffuses into an absorbing stream. Rain splash, vegetation growth and death, freeze-thaw cycles and animal burrowing are the primary mechanisms that produce topographic diffusion, known as soil creep [4, 11] . In the continuum limit, soil creep has been observed to follow a Fickian law at shallow slopes [3, 12] :
where H is topographic height, D is a diffusivity with units m 2 s −1 and q is volumetric flux per unit width. In other words, the rate at which soil travels downslope is proportional to the steepness of that slope.
(a) The moving boundary
We hypothesize that the presence of groundwater renders the diffusivity D height-dependent. Because the upland region of groundwater-fed valleys is further from the water table than the sloped region within the valley, the region outside the valley is drier than within the valley. The relatively flat upland also receives more insolation, amplifying the effect. Depending on climate, vegetation may also enhance it. The relative dryness outside the valley increases the diffusivity [6, 13, 14] , producing a height-dependent diffusivity as illustrated in figure 1 . Taking D wet to be the lower bound of the diffusivity close to the water table and D dry to be the upper bound of diffusivity outside the valley, we consider the limit in which D wet /D dry → 0. In this limit, the upland topography diffuses infinitely quickly compared to the valley, and so we take the height of the upland region to be constant. In the limit where the transitional region is thin, diffusivity is a step function at a critical height H 0 . Figure 2 shows how these approximations appear for a real valley. This description resembles other models of moving boundaries in diffusive fields. For example, when a fluid of low viscosity slowly displaces a fluid of higher viscosity, the velocity of the two fluids must be the same on each side of the interface. The smaller viscosity of the invading fluid then requires that pressure gradients within the invading fluid be small compared to the defender. The relatively uniform pressure within the invader then translates to a constant-pressure boundary condition at the interface [10] .
Mathematical representation
We now formalize these components into a single moving-boundary problem. By construction, our theory will model only the late stages of valley growth, where the valley edge moves much faster than the spring advances, the memory of the initial conditions has almost vanished and we approach a characteristic shape. Consider a valley of topographic height H(x, y, t) growing around a stream γ at height H = 0, which flows along a path from x = 0 to x → −∞ along y = 0, as shown in figure 3 . We write the valley edge as Γ (t), on which H = H 0 = const. > 0. Let Ω(t) be the region between γ and Γ (t). We assume that the topographic elevation, H(x, y, t), is diffusive in Ω, and that the normal velocity v n of the valley edge Γ is linearly proportional to the normal derivative of H at this edge. This velocity condition assumes that sediment flux is proportional to slope. For a very slow rate of valley growth, the time derivative in the diffusion equation can be neglected. In this quasi-static limit, our system of equations is
and
We non-dimensionalize distance and time, setting h = H/H 0 , x → x/H 0 , y → y/H 0 and t → v 0 t/H 0 . The system of equations becomes
The solution to this problem satisfies a kind of shape invariance, namely
which is to say that the valley grows outwards as time increases. A shape invariant solution will necessarily satisfy the initial condition Γ (0) = γ . In fact, we will find that α = 1/2 as would be expected for a diffusive process. To see this, we consider the behaviour of h for large, negative values of x far away from the stream tip (x, y) = (0, 0). From the boundary conditions, we expect that any oscillations or perturbations in Γ to be damped out with time. Because γ is stationary, h should become independent of x for large, negative x, so ∂h/∂x = 0. Then, because ∇ 2 h = 0 in Ω, we have Now that we know the shape of Ω in the limit as x → −∞, we solve for the full shape. We conformally map Ω to the upper-half plane, which is possible by the Riemann mapping theorem. This allows us to solve Laplace's equation ∇ 2 h = 0 in the upper-half plane and then transform it back to our original coordinate system, as Laplace's equation remains unchanged by conformal maps. At this point, it becomes useful to use complex coordinates z = x + iy to describe Ω and h. We seek a map from z to ζ = ξ + iη that sends Ω to the upper-half plane η > 0, Γ to the interval η = 0, −1 < ξ < 1 and γ to the two intervals η = 0, |ξ | > 1. The upper edge of γ goes to ξ > 1 and the lower edge goes to ξ < 1. An illustration of this map is shown in figure 4 . The required map is found in appendix A and is given by
Now working in the ζ -plane, we can find h(ζ ) as a solution to Laplace's equation ∇ 2 h = 0 in the region η > 0 with the boundary conditions that h = 1 on the interval η = 0, −1 < ξ < 1 and h = 0 on the two intervals η = 0, |ξ | > 1. Particularly since h is a function of ζ alone and does not vary in time in the ζ -plane, this forces h to satisfy the shape invariance discussed above. We write h as the imaginary part of a function ω = φ + ih, which is analytic on the upper-half plane. The relation
satisfies these conditions. Combining equations (3.4) and (3.5), we can relate z to ω through
Taking the imaginary part of ω as a function of z lets us recover the height h as a function of x and y.
In particular, restricting to h = 1 yields a relationship between x and y on the boundary Γ (t): 
Selection of slow-growing valleys
To test our mathematical formulation, we compare the Fickian finger model to valleys within a network of groundwater-fed streams in Bristol, Florida. Valleys in this area are composed primarily of homogeneous, unconsolidated quartz sand [15, 16] .
Our model focuses on a slow-growing regime where diffusive relaxation is linear and the stream head does not advance. Consequently, selected valleys must have shallow slopes to be slow-growing and maintain linear transport. Moreover, they should be isolated from other valleys to reduce the influence of non-local effects. Practically, we seek two properties associated with these criteria: we seek to minimize the proportion of each valley with slopes steeper than the angle of repose, and we seek to maximize distance to the nearest downstream branch.
To find the fraction of the valley area that is at or above the critical slope, we use a flow accumulation model [17] to determine contributing topographic areas to each stream head, then find regions whose slopes are greater than 0.5, or 26.6 • . This is a loose threshold for the angle of repose, which is generally higher than 30 • for dry grains [18] . We determine the length of channels by calculating the arc length along extracted streams from stream tips to the nearest downstream junction. We find a linear trend with the proportion of area above the angle of repose, shown in figure 6 . This suggests that valleys with longer streams are diffusively dominated, and we find several valleys which fall at the end of this trend, indicated by red circles in figure 6 . These valleys can be characterized as long, unbranched and gently sloped.
Comparison to field data
We now proceed to compare valleys A-E in figure 6 to our model. For each valley, topographic relief was obtained through laser altimetry data with a horizontal resolution of 1.2 m and a vertical resolution of about 5 cm [19] . The valley was then rotated in the horizontal plane such that the first 20 m of stream from the stream head was aligned with the stream of the theoretical valley. We then fit five parameters (three coordinates for the position of the channel head, one scale factor for topographic height and one scale factor for valley width and length) to minimize the least-squares difference between the elevations of the two surfaces. We find that the upper two-thirds of valleys specified in figure 6 agree well with our theoretical shape, shown in figure 7 . This agreement suggests that large regions of these valleys behave diffusively within the boundaries of the constant-height valley edge predicted by the theory. Appendix B presents the contexts of these valleys within the network.
These valleys fit poorly within the bottom third of the valley (the region inside the bold contour in figures 5 and 7) . We attribute the poor fit in this region to an inability of the topography to sustain the infinite slope at the stream head associated with the h ∼ √ x headward profile (appendix C). Figure 8 exposes this problem. An alternative boundary condition could be an interior absorbing contour that surrounds the singular river and represents the valley floodplain (a region that is flooded during storms, and thus may intermittently act as an absorbing boundary), as proposed by Pelletier & Perron [7] . If we constrain an interior contour of our solution such that its growth scales with the size of the valley and stays at a height h = 0, we find, however, that our problem becomes overspecified. The solution to this freeboundary problem is the same as that which we solved earlier, and the shape of the interior boundary is a chosen contour of our present solution. The solution around an infinitely thin needle-shaped boundary, therefore, fully represents our class of solutions. However, solutions around a contour that does not scale linearly with the size of the valley may produce different results.
We also compare our solution to a valley with higher sediment flux (marked in green in figure 6 ), as shown in figure 9 . We find that it fits poorly by comparison, supporting our premise that the Fickian finger model best approximates end-member, slow-moving valleys.
Comparison to other models (a) Ivantsov parabolic front [7]
Pelletier & Perron [7] give the only previous theoretical model for a valley growing in three dimensions, using the solution of Ivantsov [8] 
where γ p indicates the valley floor, or floodplain, bounded by a parabola x ∼ −y 2 , H ∞ is the asymptotic height of the topography in the upland, κ is a diffusivity and v s is the velocity of the stream tip. Figure 10 shows that this model fits poorly to the valley head in figure 7a . This misfit results from physical differences between the models: the Pelletier & Perron [7] solution describes a steady-state form as diffusion balances the advance of the stream head, while the Fickian finger model describes relaxation around a stationary stream.
A distinguishing feature of the Pelletier-Perron model is that the contours are unbounded in y as x → −∞, which result from the advance of the stream head. In their model, the topography downstream of an advancing stream head has had a longer time to diffuse than topography in the vicinity of the stream head, so the valley grows wider downstream. On the other hand, bounded contours would indicate that the stream head is moving forward at a negligible velocity. The (b) Curvature-driven growth [9] The shape of the valley edge predicted by our theory bears remarkable similarity to the contour shape predicted by Petroff et al. [9] . Our theory predicts the shape
which originates from the conformal map in equation (3.4). Petroff et al. [9] predict a contour of the form
identical to the Saffman-Taylor finger [10] , which Petroff et al. [9] obtain from an assumption of curvature-driven growth. A notable difference between (6.2) and (6.3) is the aspect ratio set by the product 2lκ, where κ is the curvature of the contour at y = 0 and l is the asymptotic half-width of the contour as x → −∞. For the Fickian finger valley edge, this product is 8/π ≈ 2.55, while for the contour of Petroff et al. [9] , this product is π [9] . A comparison between the contours predicted by the two theories is shown in figure 11a . Aside from the fact that the Fickian finger model incorporates a third dimension (the height of the diffusive field) that the Petroff et al. [9] model does not, the shape difference can be attributed to the different growth laws on the moving boundary. The valley edge of the Fickian finger grows at a velocity v n = v 0 (dH/dn), while the model of Petroff et al. [9] grows at a rate proportional to the local curvature.
Conclusion
We have tested the hypothesis that topographic relaxation can be described simply as linear diffusion of topographic height within a constant height, expanding boundary. We find agreement of real valleys to the shape predicted by this theory, providing us with strong, novel evidence for both linear diffusion as a responsible mechanism and an elevation-dependent diffusivity in groundwater-fed valleys. In particular, our results reveal a separation of timescales between the wet valley and the dry upland that produces an interface along which we can prescribe a constant height and diffusive rate of growth. Moreover, through comparison of the Fickian finger model to other models of valley growth, we deduce that bounded, 'finger-like' contours suggest that the stream head within a valley is either not advancing or advancing slowly. Our results suggest that the shape of a valley can inform our understanding of the physical processes that generate these shapes. Further study of other end-member valleys may yet reveal other properties that impart their own unique topographic signatures on the geometry of valley growth. The locations within the network for the valleys shown in figure 7 . As in figure 7 , the contributing area is shown in blue calculated through a flow accumulation model [17] , and regions above the angle of repose are shown in green. The firstorder channel is bolded and coloured red. The second-order channel for valley C is also bolded and coloured a darker red to suggest that this channel may also be considered long and isolated. The orange contours indicate the location of the outermost contour of the fits in figure 7 . (Online version in colour.)
